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1. Introduction

A triangular matrix reveal* its sienvalues along the mai diagonal,
By Schur's lenma any square complex matrix is unitarily similar to
an upper triangular matrix with the eigenvalues arranged in any
desired order along the main diagonal. It follows that any real square
matrix is othogonally similar to a real block upper triangular matrix
in which each 2x2 block on the diagonal corrsponds to a pair of
complex conjugate eigenvalues. The Houeholder-QR algorithm is a
stable, efficient algorithm that produce* a Schur form. However the
ordering of the eigenvalues that the QR algorithm produces may not
be suitable for certain purposes, such as computing the exponential of
the original matrix. There are programs in the library EISPACK that
compute this real Schur form. See section 2.3.6 of [EIS,1976).

This investigation presents and compares all the attractive methods
we can think of for performia g orthogonal similarity transformations
that preserve block triangular form but rearrange the eigenvalues.
This is a fairly straightforward task but it is always a challenge to
try and keep down-three conflicting costs: round off error, execution
time, and program length.

We give some attention to the task of swapping adjacent diagonal
blocks of orders p and q but our main concern is with the case p-q-2.
We use capital letters to denote matrices. Fortran programs are given
at the end.

Before plunging into details we describe the methods in brief general
terms. Algorithm 0 (G.W. Stewart): Swap adjacent blocks using one
or two QR steps with a pre-determined shift to force the ordering of
the eigenvalues of the new blocks. Algorithm 1: Swap adjacent
blocks as needed using an explicit orthogonal similarity
transformation. At most 4 rows and columns will be modified at
each swap. Algorithm 2: Swap adjacent blocks using Householder
transformations. For swapping a pair of 2x2 blocks two Householder
transformations are needed.

The table below compares the algorithms for code length and running
time. THe remainder of that paper is concerned with accuracy.
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Algorithm Fortran line Speed ratio (The ratio was
number count determined by runs on 9x9 matrices)

0 165 127
1 386 10
2 301 1.15

Table 1

We were encouraged to present our programs and results by Dr.
Sven Hamrnmarling (of NAG, Inc., Oxford) who showed us work on
swapping that he had begun in cooperation with Dr. J. Dongarra
(Argonne National Laboratory) and the late Prof. J. H. Wilkinson.

2. The Software Economizer (EXCENG)

Consider a submatrix of the form

A 1B

1020 A2

where A1 and A2 are ZxZ diagonal blocks.

Algorithm 0 (called EXC-NG in [Ste.,I9761).
1. An implicit double shift is determined from A,.
2. An arbitrary QR step is performed to destroy the triangular

form and put the matrix into Hessenberg form.
3. A sequence of double QR steps using the shift from step 1. The

The eigenvalues of the first block will emerge in the lower
part of the array occupied by both blocks, usually in one or
two steps.

Remark 1. The alogrithm discards the information that there are
two pairs of conjugate complex eigenvalues. Stewart modifies the
standard QR program so that a supplied initial shift may overwrite
the usual Francis shift at the first step. Such an algorithm would
converge in one or two steps.
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3. General Theory

Consider the block upper triangular matrix
A IB A Iis pXp,

0 A 2 1 A 2 is qxq.

Throughout this paper we assume that A1 and A2 have no eigenvalue
in common. It follows that there exists a unique pxq matrix X such
that

AjX- XA 2 = B. (2)
This is called ylvester's equation. It follows that

IA 1 B I p -X A 1 0 1 p X]

0 A211 0 qj 0 A211 0 IqI
-X Ip A2 0 0 Iq

]q 0 1 0 A1  I p X(3

DEFINITION. An orthogonal (plq)x(p+q) matrix H is said to swap A1
andA 2 if

H. 0 A[HT A2 0 (4)

where Ai is similar to Ai, i= 1,2.I

Lemma 1. An orthogonal (p+q)x(p+q) matrix H swaps A1 and A2 if,
and only if,

H • q : 0 (5)
H1j q = [ M].

for some invertible qxq M2 where X is defined in (2).

Note that, since H is invertible,

rank IM21 rank = q.

0 1 Iq
Consequently M2 is qxql and must be invertible.
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Proof. If H satisfies (5) then for some qxp W and pxp M1 ,
-X Ip M 2 "W

H-Iq 0 1 0 M1

and, since both matrices on the left are invertible so are M1 and M2 .

Thus A B -x I P A °0 0 q
1  • HT = HI H

02 Miii A 2 jI 0 A 1 -M 1j

= 0 M1  0 A1  0 M-

= 2

where
Aj = Mi.Ai'M "I , i=i,2; = (WA1 - A2 W).Mj'

Conversely, if H swaps Al and A2 then there exist Mi, M2, end W
such t hat

A2 J M2 A2 0 M 1I1

SH1 Iq 0 0 Ai Ip J .HT

It follows that

D 2  J H1 commutes with 20 MI  I q 0110 AI

Since A1 and A2 have no sigenvalues in common D must be a
polynomial in diag(A2,A1 ). See [Gant. vol. 1, p222).

I4lq 0 j 1 0 MJD

must be block upper triangular. This establishes the converse
QED
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Lmwma 2. An othogonal H that swaps A1 and A2 must have the

10 C J I (6)

where

T T
22 q (7)

C 10T 1p+X'XT

Proof. Write CT for M2 . multiply (5) by HT and use the orthogonality

of H to find

I;q = H  H = H.2 = HT.2
II Iq I 10 20 2

Transposing reveals the first row of H. The second row follows by
orthogonality.

QED

Remark 1. There are infinitely many choices for C1 and C2 that
satisfy (7). See Section 4.3 for more details.

Remark 2. One of our implementations uses the form in (6) explicitly.
The block rows are orthogonal by their form, so it is the accuracy
with which (7) is fulfilled that determines the orthogonality of the
computed H. An alternative implementation starts from (5) and
seeks H as a product of elementary reflectors (also known as
Householder matrices).

The key blocks of the transformed matrix can be found explicitly.
Using (3), (6), and (7) it is not difficult to see that

T -T
A2 C2 A2%2 ,i1 =C1 -AI1

T T --1 T
C= C2A 2X . C-2xTA 1X C (8)2 2 1 2 1 1
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4. Implementation details

4.1. Standardized Real Schur Form
The Schur form of a matrix is not unique and the real Schur form of
a real matrix offers even more freedom. We urge the adoption of the
following conventions.

i) 2x2 diagonal blocks are used exclusively for complex
conjugate pairs of eigenvalues, not for distinct real
eigenvalues.

ii) The diagonal elements of 2x2 diagonal blocks are made equal.
This value is the real part of each eigenvalue.

Consequently we advocate the form

The off diagonal elements of the 2x2 diagonal blocks cannot always be
made equal in absolute value but they must be opposite in sign. To
guarant uniqueness one may require p and V to satisfy 0 < . -

but that is noa essential. Note that the eigenvalues are -

The use of a standard real Schur form facilitates the swapping of
diagonal blocks as well as ensuring that the real parts of all
eigenvalues are held on the diagonal of the real Schur form.

If a given real Schur form does not have its eigenvalues ordered
appropriately down the diagonal then some swapping of diagonal
blocks will be needed. However the task is considerably simplified by
the fact that no block has order exceeding 2. Any configuration of
eigenvalues can be reached by swapping adjacent diagonal blocks and
this is the task we consider below.

Here is a method (cf section 4.5) to put 2x2 diagonal blocks into
standard form. Let

Iall a121
A = lol &22 .a21 &22

Define a reflection P by

-o p ) ci! ) 1 _ 0 tan-1 ( all - &22

sin(O) cos(a)J' 2 a12 + a21
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Write c=cos(d) and s=sin(e). It is not difficult to see that PAP
transforms A to a standard form:

all1.22 1 - c. alI-a22
2 a 2 (

PAP =(9)
a12 - call-a22 all a22

s 2 2

42. Solving AIX - XA2 = B

Considerable attention has been paid to the general case of this
equation, now known as Sylvester's equation. See [MS,1972] and
[G,N,& vL,1979). When Al and A2 are either I x i or standardized 2 x 2
matrices the solution can be given explicitly using stable formulae.

In an earlier unpublished repor [Pa,19771 we advocated scaling X,
i.e., we solved

AjX- XA2 = 4,B
with 4 chosen so that IIXtI . Further analysis shows that this
caution is unnecessary. There is no danger in working with X of large

norm provided that IIXI does not overflow. Moreover if 11xF does
overflow then the blocks should not be swapped because a tiny
pertubation will give the new A, and A2 at least one common
eigenvalue.

Our algorithm for solving the Sylvester equation is called TXMXT (for
TX-XT) and is described in Appendix A, see also the program
Appendix C.

4.3. The Choleski Factor

If the explicit orthogonal H described in Section 3 is to be used then it
is necessary to solve the equations (7) for C1 and C2 . We can see no
reason to avoid the Choleski factorization. The formulae are given
below. When presenting the algorithm in detail we write xij for
X(ij). Recall equation (7):

C .CT  I +X . X
2 2 q

T T
C*C I + X-X

1 1 p
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Algorithm 1.
An H is found explicitly in the form of (6) to swap A, and A2 .

The choice for C1 and C2 in (7) are the Chole:ski factors.

Case 1. X is lxI, then C2(1,1) = Ci(1,1) = r+x t.

Case 2. X is Ix2, then C 1(1,1) = /1+x112+x122 and

1 0I/ 2
2 xIIx12 1

Case 3. X s 2x1, then C2 (1,1) -1.x11 2 +x212, and

1 0

T 2
C1 x11.x21 1+(

Case 4. X is 2x2, let 6 : xi1x22 - x12.x21, T : 1+x11 2 +x12 2, and

, = +x11 2 x21 2 ; we have

V 1
CI xII-x2I*xi2x22 1 x212 *x22 +2

and

K 0

C2  xi1*x12 x21.x22 + x122 +x222 6

K 2
K

4.4. Representing H as a product of two reflectors

The explicit form of H in Section 3 is not mandatory. W. Kahan
suggested using two reflections instead. Here are the details. First
some notation: A nxn reflection (or Householder matrix) can be

represented as I - uuT/d, where I is the nxn identity matrix, u is a
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n-vector, and d = I1u 2 . We use the fact that if u=x+y and IIxII=1fl,

then (]-uuT/(IIluIl2)),x=-y.

Algorithm 2.
An H is found implicitly in the form of either a reflector or a

product of two reflectors to swap Al and A2 . The reflector(s) are
deterrmined as follows:

Case 1. X is Ix. Let x = sign(x11)-i +xl12 . We seek a reflection

H so that

- 1-L'I
The special form of H leads to

If x1l/sx 1 0.5, then ul = s- x1l; else ul = 1/(sx~xli)
u2=I
d = ul-sx

Case 2. X is 1x2. Let sx = -sign(xl2). 1x112 xI2 2 . We observe
that if a reflector H satisfies

1 1
H" xl 0

x12 I
then it satisfies (5). The proof is left to the reader. The special form
of H leads to

u2 = xll

if -xlZ/sx 1 0.5, then u3 = xlZ+sx; else u3 = (1+x11 2 )/(sx-xlZ)
d = u3-sx

Case 3. X is 2xl. Let sx = sign(xll). lfxll 2 +x21 2 . From (5) we

seek a reflection H so that

-x11 -sx

H--x211 = 0

ii 01
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The special form of H leads to

If xii/sx i 0.5, then ul = sx - x1i; else ul = (1x212 )/(&x+xj1)

u2 = -x21
u3-1
d = ulsx

Case 4. X is 2x2. Two reflections H1 and H2 are required. In (5) let
M2 be upper triangular and H = H2 ,H1 . First define

sx = sign(x).j1+x11 2+x21 2 .

We seek a reflection HI = I - uuT/d so that

-xl -sx

-x21 0
1 1 0

0 0
From the special form of H we have

If xll/sx i 0.5, then ul = sx - x1l; else ul = (1+xZl2)/(sx+xll)
u2 = -x21
u3 = 1
u4 = 0
d = ul-sx.

Next, define an intermediate vector y by

yl -x12

y2 -x22y m =H"

y3 0

411

One can verify that
yl = -(x11.x12+x21.x22)/&x,
y2 = -x22 - x21.(x12.ul - x21.x22)/d,
Y3 = (xl2.ul - x21"x22)/d,
y4: 1.

Note that V2 = -x22 - x2ly3. Let sy = -sign(y2). 1+ y2 2+y32

We seek the second reflection H2 : I - vvT/g so that
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yl yl

y2 -ey

2 y3 0

y4. 0

There is no need to change the top row. Proceed as before to obtain
v= 0
if -y2/sy _ 0.5, then v2 = sy + y2; else v2 = (i+y32 )/(sy-y2)

v3 = y3
v4= 1
g = v2"sy.

Remark. Since each H that swaps A1 and A2 can be represented in
the form of (6) (lemma 2), it is worthwhile to see what the reflection,
or product of reflections, looks like in this form. In fact we make use
of it in Section 4.5. We compute the corresponding C1 and C2 in
appendix B They are obtained by noting that

H. I1 I0 and lI X.HT 10 ClIp 1 " P

4.5. Special treatment for the diagonal blocks.

From (8) the new diagonal block A is equal to W-A.W-1 for some W
Given A,W we use a special subroutine (called EQUDI, see Appendix C)

to put 2x2 diagonal block A =W.A.W -1 into standard form and effect
the associated changes in the corresponding rows and columns of the
Schur form. For better accuracy we derive here the analytic
formulae for the transformation, based on W and A Recall that
all=a22.

d = det(W),
2 = a21.w12.w22 - a12.wllw21;
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all + a/d a12"w11 2 _ a21"w12 2

WAW- d (10)
aWlAw22 2 - a12"w21 2  all - z/d

d

Apply (9) in Section 4.1 to A=WAW-' above to find

u = a12.(wll-w2l).(wll+wZ1) + aZl.(wZZ-wlZ).(w22+w12)

6 = 1-tan-1 (2z/u)
s = s3in(O), c: cos(a), and

Iv2 all

where

P = c

vi = [ a21wZ2.(w22-w12.c/s) - al2.w2l(w2-wllc/s)I/d,
v2 = [-a2l.wZ2.(w22+wl2.s/c) + a12.w21.(wZl+wll-s/c)l/d

Since eigenvalues are preserved under similar transformation, we
must have vl.v2=al2.a21; thus we may recompute vl from v2 or
vice versa, depending on which one is smaller in magnitude.

5. Numerical Tests

We have done extensive testing on matrices with various mixtures of
block size. All 3 algorithms perform well in most cases. To investigate
more closely the accuracy of Algorithms 0,1, and 2 under extreme
conditions, we tested them on three sets of matrices: one with huge

B, one with a choice of B so that Idet(X)[ <( IXl2, and finally one with
fairly close eigenvalues. These test perform 2x2 block swaps

How to measure the 'correctness" of the computed output is not so

easy. Let A be the output matrix pTAP where P is the orthogonal
matrix that accumulates all the transformations that are applied to
A. We believe that the only sensible measures for the accuracy of P

and A are 1) how close is P.PT to the identity matrix? and 2) how

close is ppT to the original matrix A.
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Thus our measuring parameters are:

1. Ep =III - ppTII, (12)

2. EA = 11A- P.;pTII/AII. (13)
Ep is the orthogonality error m P, EA is the norm relative error in
pTAp. Out of curiosity we also computed

3. c = Max{klj, A(ij)O) (14)

where i j = I(A - PAPT)(ij)/A(ij). This is the worst relative error

among the elements of pApT.

The third parameters make sense only when A(ij) * 0, since fill-in
(zero elements become non-zero) is unavoidable in recovering A from
P and A. We should point out that e is too exigent a measure for the
accuracy of P and A. It is unreasonable to demand high relative

accuracy for tiny elements in PApT. Nevertheless we found e helpful
in showing subtle differences between good swapping programs The
following results were obtained on a SUN 3/50. P and A are
computed solely in single precision arithmetic. However, the error
measures are computed in double precision. Only three digits are
displayed for the error measures in order to keep the display clean.
We have also run our program on a VAX/750 with similar results.

The Fortran program for Algorithm 0 is Stewart's EXCHNG, the
Fortran program for Algorithm 1 and 2 are written according to
section 4.3 and 4.4 with special formula for the diagonal blocks
described in section 4.5. See the listing in Appendix C.

The roundoff unit is 2-23 - 1.192E-7 in the following numerical
results.

Test matrix I with parameter r (large B)

2 -87 -20000r i0000

5 2 -20000T -10000T
0 0 1 -11

0 0 37 1
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Ir Algorithm cEA Ep
3ee (14) see (13) see (12)

10 2.1ile-3 1.45e-6 l.66e-6
1 2.56e-6 i.62e-7 1.96e-7
2 2.74e-6 3.57e-7 3.4ie-7

230 125v-4 4.89e-7 1.05e-6
1 1.66er- 6  127e-7 1.62e-7
2 8.70e-6 4.15e-7 4.79e-7

2-6 0 5.18e-5 4.69e-7 6.97e-7
1 1.90e-6 2.19e-7 2,32e-7
2 8.34e-7 1.93e-7 2.14e-7

P aknd ApTAP from algorithm 2 when A= A(1.

-57387.61 6294.046 1,I-3106.521 -7298.501j

-9.999731E-1 7.337808E-3 -L6b5521iE-5 7.307588E-6

-7 .337804E-3 -9.999732E- 1 -1 .610292E-5 -1 .307002E-4

-1 .675308E-5 -1 .423457E-5 9,999108E- 1 -1 .334777E-2

6 .125366E-6 -1 .309519E-4 1,.334783E-2 9.999i09E- 1

1.000000 -85.98243 20011.92 -10194.38

4.733524 1.000000 19985.38 9807223
A 0.000000 0.000000 2.000000 -11.017831

0.000000 0.000000 39.48143 2.000000

Test matrix II with parameter t (Idet(X) << 11X112)

-3 -87 3576,r 4888,r

5 -3 -88-r -1440,r
A(T) =

0 0 17 -45

0 0 37 17
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r Algorithm C EA Ep

10 3.32e-5 1.74e-7 4.42e-7
1 1.99e-3 i.93er-6 6.39e-6
2 1.52e-5 2.18e-7 2.10e-7

230 1.37e-5 2.65e-7 4.94e-7
I. 2.4 le-4 9.09e-7 1.85e-6
2 1.50e-6 1.96e-7 5.12e-7

2-6 0 7.54e-6 6.16e-7 5.69e-7
1 7.94e-7 1.99e-7 2.60e-7
2 1.68e-6 2.12e-7 7.49e-7

P and A pTAp from algorithm 2 when A= Aft).

91.79044 -124-22021

-9.375406 19,85028J

-9 .907388E- 1 -1.3 18285E- 1 3216357E-2 -4.8 18546E-3

1.356281E- 1 -9.640296E- 1 22828IOE- 1 1 .181298E-2

4287299E-3 1.86 1262E- 1 8.1208 17E- 1 -5.530479E- 1

-4.807638E-3 1.364735E-1 5.360752E-1 8.330517E-1

17.00000 -1432.443 -5568.100 -2230.135

1.152349 17.00000 91.36795 824.0479

0.000000 0.000000 -3.000000 -236.8775

0.000000 0.000000 1.836391 -3.000000

Test matrix III with parameter -r (close sigenvalues)

7.001 -87 39.4,r 222-T

5 7.001 -122-T -36,r
M-) 0 0 7.01 -11.75671

0 0 37 7.01
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Algorithm t EA Ep
we (14) see (13) e (12)

1 0 5.85e-6 8.73e-7 8.34e-7
1 3.50e-7 2.91e-7 2.67e-7
2 4.69e-7 1.19e-7 2.48e-7

2-3  0 6.12e-6 7.73e-7 1.30e-6
1 6.12e-7 2.78e-7 2.36e-7
2 6.18e-7 2.68e-7 8.03e-7

2-6 0 4.51e-5 6.49e-7 7.89e-7

1 320e-6 4.45e-7 4.05e-7
2 2.83e-6 3.45e-7 5.01e-7

P and A pTAp from algorithm 2 when A=A(1).

12581.73 -2869.060 1
1218.421 1770267

-1.000000E+O -1.293420E-4 6.833661E-5 -4.892822E-5

1293048E-4 -9.999997E-1 1.150727E-4 5.055802E-4

6.830178E-5 1.152873E-4 1.000000E O 4.074871E-4

-4.902146E-5 5.055270E-4 -4.076063E-4 9.999997E- 1

7.010000 -87.01575 -39.38432 -22.17753

4.999070 7.010000 12,19859 36.00098

0.000000 0.000000 7.000999 -11.75932

0.000000 0.000000 36.99190 7.000999

6. Conclusion

The test results in section 5 reveal that all three aglorithms are
acceptable since Norm error measures EA are tiny. Algorithm 1 and 2
have the advantage of keeping the real eigenvalues on the diagonals
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at all times. The finer measure e indicates that Algorithm 0 and
Algorithm I in certain cases are inferior to Algorithm 2 but in other
tests cases the roles of Algorithm I and 2 are reversed.

We find no reason to reject any of the methods and can give no
perference.
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Appendix A. Solving AjX - XA 2 = B

When Al and A2 are in standard form the inver of the coefficient

matrix can be expr quite mcinctly and safely. Let

A =1 : i=1,2, Vi1 (0.

Let 6=Ml-W.2, then the equations for olving X may be written as

X11 bl

x12 b12
(1) 1T12 C .x = b; - ,X b- l

x22 b22

where

(2) c[- 2 -2 2' _2P 22 i

Multiply (1) as indicated in order to make the coefficient matrix block
diagonal,

I C ' 12pVf [ V1 2  C~2~
Now let

S(C2 /d

where

(4) 'rz2+ A 2T2- 0 1T1I d : -(2 ,2)(26T) >O,

and prernultiply (3) by diag(GG) to find

0 a -112 C
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S "¥2 1 0

(5)G Oz -02 $ 0 "11

01 T 0 6 - 2
(5)( ~ -v 0 - S"2.b

0 "T1 IA2 S

*T 2 -'Io " 26T 2 0

I2 j 2 -260 p 2  -IrAI
d -V' 1  -212 2  qS 41T2

-26T 112 -r¥1 2 qS

where

= - 2T2 02 = S2 - (P1 1+
2 T2) > 0

1 = 2S 2 - "  = S2 + (1 11"12T2 •

Inevitably (5) is Cramer's rule and d = det(AleI - leA 2) so that d=0
if and only (1 = a2, Alyl = i 2T2.

Remark. One step of iteration refinement may be needed if the
structure matrix is ill-conditioned. We form the residual matrix
R=B-(AlX-XA2). If R is large relative to B, then using (5) again to
solve for the wrrection matrix E, from AIEx-ExA2 = R and refine X
by subtracting Ex from X.
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Appendiz B. Reprenting reflectors in form (6) of section 3

From (6) in section 3 we have

H. -1 ad I' l. - °  C1.

Thus to represent the reflector(s) in 4.4 we need only to compute Cj
and C2 using the formulae above. We skip the details of algebric
manipulations and give the results below.

case lxi: C1 = (sx), C2 (-sx), where ax =ign(xiI)J/+xl2.

case lxZ: Cj = (sx), and

-xll 1

C = -xl2-I-_ x lI , det(C) sx,
u3 u3

where
$X= -sign(x12)-.,+x 112+xi22,

if -x12/sx 1 0.5, then u3 = x12+sx; else u3 (l+x11 2)/(sx-x12).

case 2 x 1: C2 = (sx), and

xL21 x1l I

C = l ul det(C) S,1 1

1 x21
where

ax = sign(xii)-4jii+xix212,

if x1l/ax 1 0.5, then ul =x - x1l; else ul (I+x217)/(sx+x11)

case 2x2:

xil - y- x22 x12- x2
ulv2 ulv2

1 x21-- x22i- 1
v2 v2

C2=V, detlC )I de-t(C 2 ) =sx-sy,
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where sx..ul,yl,y3,y2,syyv2 are defined by

SX= sign(xli) -+xl1 2 +x212 ,

If xil/sx 1 0.5, then ul =sx-xil; else ul=(l~x2l 2 )/(sx~xll),
yl =-(xll*xl2*x2l-x22)/sx

y3=(xl2*ul-x2l1x22)/(ul-sx),
y2=-x22-x2l.y3,

SY= -sign(y2). j+y2 24y32

if -y2/sy i 0.5, then v2 =syiy2; else v2 =(i+y32)/(sy-V2).
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Appendix C. Listing of Fortran Subroutines

Subroutine SWAPB (Algorithm 1)
Subroutine SWAPB (Algorithm 2)
Subroutine HOUSE (used in Algorithm 2s SWAPB)
Subroutine EQUDI
Subroutine TX)IXT



SUBROUTINE SUF9(TP,NJ 1, N1,2,NT,NP)
REAL T(NT,),P(IP,N)
INTEOER tP,IT,,JlN1,1t2

C GIVEN T IN SCHUR FORM S&M SWAPS ADAENT OIAGONAL BLOCKS T1
C AND T2 IN IITRIX T BEGINNING IN FIO J1 BY ORTHOGG*L SIMILARITY
C ITSM I O1S THAT PRESE VES THE SCHUR FORM OF T. THE
C DIiENSION OF BLOCK TI IS N1 BY N1 D T2 IS N2 BY N2. THE
C PRIETERS IN THE CALLINO SE(QLCE ARE (STRD PRIMETERS ARE
C ALTERED BY THE SUBROUTINE)
C *T THE IRiTRIX WHOSE BLOCKS ARE BEING SWAPED.
C. O: THE Y INTO MHICH THE TFFISFOW RTIOIS
C FIE TO BE ACMILRTED.
C N THE E OF TIE ITRIX T.
C Jl THE POSITICl OF THE BLOCKS.
C NI SIZE OF THE FIRST BLOCK.
C M2 SIZE OF THE SECON BLOCK.
C IT THE FIRST DItEISION OF THE ARR%' T.
C ID THE FIRST DIEIIESIOII OF THE FFIFRY P.
C
C METHOD:
C ALGORITHI 1 OF "PROWIS TO SWAP DIAGONAL BLOCKS" WITH
C SPECIAL FOIJLA FOR THE DIAIOXA. BLOCKS
C
C SUBP8OmIS:
C TXMXT, EQUII
C
C I MTEFL URIRBLES:
C

REAL 0, R, S, ,UU2,3,1,U2, V3, Y 1, Y2, Y3, Y4, W 1, W2, 3, W4
REAL TIl,T22,T33
REAL X(2,2),X1I,X12,X21,X22
REAL W(2,2),W11,1412,W21,U22

URL (2,2),U 11,U12,U21,V22
REAL RI(2,2),F2(2,2)
EQIV)lULEMCE (1, 1),X11),(X(1,2),X12),(X(2, 1),X?.l),(X(2,2),X22)
EOU.IVAL.E4CE (W(l, 1),W11),(W(1,2),Wl2),(i.(2, 1),1.,21),(i..(2,2),W.122)
EQUIVAEC (U( i, !),U11), (U(1,2),U12), (U(2, 1),U21 ), ((2, 2), 22)

INTEGE IZ, I,K,J1,J2,J3,J4
C
C SOLUE X FOR II -XI (RI 1 O)I XI = [R1 T12] 9BY CALINIG TXX
C 10 1) 10 R2) 10 I 10 R21
C

CALTXMXT (T, M, J 1, M 1, M2, X, 12, HT

C
C IF IZ-O, I AID 1R2 ARE TOO CLOSE TO SWAP
C

IF(IZ.EQ.0) GOTO 50
K,,H t1+1 412-2
J2 = J1
J3 a JI+M1
J4 a J3+1
IF(NI.EQ.2) THEM

RI( I, I).T(JI,JI )
Rl(1,2)-T(JI,J2)
A 1(2, )=T (J2, JI)

RI (2,2 )-T (J2, J2)



EDIF

A2( 1,2)=T(J3,J4)
R2(2, 1)-T(J4,J3)
A2(2, 2)-T(J4, J4)

EDIF

c GTO (10,20,30,40) , K

C Mini, M2=1 H = I S 0 1 1 -xil 1 1, S = .O/SQRT(1,X11**2)
C 1 0 S I 1 1 I

10 Su1.0/StiT(1.0+XI1*XID)
c
C PERwi HT*KT
C

Til - T(J1,J1)
T22 a T(J2,J2)
D0 12 IaJ1,N

I a T(JI,I)
U2 a T(J2,DI
VI 0 S*(-XIII1 + 2)
Y2 a S*( II + X11"4.2)
T(Jl,I) a Yi
T(J2, a) Y 2

12 CON1T Imm
00 14 Iu1,J2

Wl a T(I,J!)
W12 = T(I,J2)
Vi = S*(-X1I*U1 + W.2)
Y2 =S*(W I + X I '142)
T(I,Jl) = Yi
T(I,J2) a Y2

14 C01ITIIJE
C
C PEFFORf P*IfT
C

D0 16 ll
Ml =P(IJ1)
W.2 a P(I,J2)
Vi - S*(-XIt*J1 + W42)

2 a *( 1.1 + x11*w2)
P(I,Jl) = Vi
P(I,J2) a Y2

16 CO IIIIE
c
C SAP DRoNi -ELEMcriTs
C

T(J2,J2)-Ti 1
T (J 1, J 1 )=T22
GOTO 50

C
C I Ul 0 0 1 1 -Xli 1 01
C Mini, N2*2 :H a( U12 U3 0 1 1 -X12 0 1 1
C 1 0 0 Ul I C 1 Xli X121
C
20 S a 01 i



Y a X 12*X 12
Ullu SORT(S)
U22a SQRT(I.OVY/S)

VI - 1.O/(SQRT(S+Y))
Ut a 1.0/IJ1I
U13 a 1.0/0;22
U2 w -(X II*X 121J3)/S
TiI T(JIJI)
X3 m J241

c
C PEFF1 I.T*HT
C

00 22 I.J1,I1
141 a T(JI,I)
W42 a T(J2, I)
143 zT(J3, I)
YI z -XlI*U1 + W42
Y2 * -X12W141 + 143
Y3 - W41 + X11*1J2 + X12*143
T(J1,I) a U191l
T(J2, I) u U2*Yl4U3*Y2
T(J3, I) z U1*Y3

22 COI1TItUE
DO 24 lul,J3

141 a T(I,Jl)
142 a T(I,J2)
W43 = T(I,J3)
Yi a -X11*U1 + 142
Y2 a -Xl2*W1 + MJ3
YI3 = W.1I + X i *W2 + X 12*143
T(I,JI) a U1%'1
T(I,J2) =U2*Y1+U3*V2
T(I,J3) z UI*V3

24 COtlTI tE
C
C PEFORh P"HT
C

00 26 1=1,hi
W41 P(I,J1)
W42 =P(I,J2)
W43 =P(I,DJ3)
Yl = X11*Wt + W42
Y2 =-Xl2*W1 + 143
Y3 *WI + X11142 + X12U13
P(I,JI) =Ul*t'1
P(t,J2) *U2*Y1.U3*V2
P(I,J3) * 13

26 OMT I MIA
C
C T(J3,J3) a Tii; CALL ECMI WITH A12(2,2), V(2,2) TO GET k2'
C

T<J3,J3) - TI?
CRLL EgUI(T,P,M,J1,F2,V,U1*2,jT,If)
GTO 50

C



cI (Ut 0 01(C-XII -X21 I1I
C h12, h2ul: 1 =0 UI 0 11 1 0 XlI)
C ( 0 U2U3I 1( 0 1 X211

30 S a 1.Xli*XiI
Y - X21*X21

1112- 0
1121a XII*(X21/IJ1I)
Ut w 1.0/(SQRT(S+Y))

V~3 a 1.0/A122
U2 a -(Xi1*X2i*I3)/S
1.21a -4421
0 - wt
111- 1122
W122-- 0
T33= T(J3,J3)

C
C PEFFOR IHPT*HT

DO 32 1 .J 1,I1
Ul a T(J1,l)
112 m T(J2, I)
W13 * T(3, I)
Y1 a -X1IJMI - X21*112 + W13
Y2 a M11 + X11*11
Y3 a 1W2 + X21*J3
T(JI,I) - U1*Y1
T(J2tI) a U1*Y2
T(J3, I) - U2*Y24U3*Y3

32 C0NTIL
00 34 I=1,J3

Ul = TCI,J1)
112 a T(t,J2)
W13 = T<l,J3)
Yl - -XII*l - X21112 113
Y2 = I + X11*W3
Y3 = U12 + X21*1J3
T(I,J1) - UI'VI
T(I,J2) z UI*Y2

T =,3 U2*%D24U3*Y3
34 CO1TI"IE

C PEWORtI P*HT

00 36 Ilt,N

W12 =P(I,.J2)
113 z P(I,J3)
YI m -X11111 - X21*112 +1W3
Y2 = MI1 + XI1*U3
Y3 - 112 + X2i%13
P(I,J1) z U1*V1
P(I,J2) = U1*Y2
P(I,J3) - U2*,'2W3*%'3



36 CONTINUE

C T(JIJ1) a T33; CALL EQLIIWIH A1(2,2), W.(2,2) TO GET Al'

T(J1,Jl) a T33

am 050

C I Ut 0 0 0 1 1 -Xii -X21 1 0
C h412,h2x2 :HM(U L2UL3 0 01 )I-X12 -X22 0 11
C I 0 0 Ul 0 1 1 1 0 XII XJ2 I
C 1 0 0 U2VU3 I1 0 1 X21 X22 I
C
40 OTM

0 a XII*X22-X12*X21
S a 1.XII*X11
o - X22*X22.D*O
Z a X12*X12
At - X21*X21

Hit a SOFRT(Y)
1122 - SQRT(1.0+(D.A)/Y)
1112 a 0.0
U.21 a (XlI*X21+X12*X22)/UII
y - +
Vii m SQT(V)
M2 a SQRT(t.0.+(D4Z)/Y)
U21 a 0.0
U12 a (X II*X 12+X2 1*XC22)A I I
Ul - 1.OAuit
U3 a 1.0/V2M

L1 -U 12/(U I 144M2)
vi -1.0/.11

'J3 *1.0/AU22

U -U 2 I ~/(W I *H22)
1121 *-W.2 I
y mWtt
Hit U .22
W.22 Y

C
C PWFORM H*T*9IT
C

00 42 I=J1,I1
Wi = T(Jl,I)
W12 = T(J2, I)
W13 - T(J3, I)
114 = T(J4, I)
Yt a -X~t*W1 - X21w%12 + W.3
Y2 - -X12*WI - X22*12 + A
Y3 aM i+ Xt*1J3 + X2*J4
Y4 z 142 + X2I*W3 + X22*14
T(Ji,I) a U1*Y1
T (J2,I 0 aUL2*Y I + U3*Y2
T(J3,I) - Ut*Y3
T(J4, I) a V2'V3 + V3VY4

42 CONTINUE
D0 44 1-1,J4



Ul T(I,JI)
U2 T(I,J2)

M43 -T(I,J3)
M4 T(I,J4)
VI u Xll*UI - X21%12 + 143
Y2 - -X 121J 1 - X22*W + W4
Y3 u MI +X11M3+ X12OW4
Y4w aU2+ X21*W +,X221J4
T(I,Jl) - UI*YI
T(I,J2) a U20YI + U3*V2
T(I,J3) = UI*Y3
T(I,J4) a V2*Y3 + U3*V4

44 CNTIME

C POM P'tIT

00 46 1.1,11
III P(I.,JI)
U42 *P(I,J2)
143 *P(I,J3)
114 *P(I,J4)
YI -X II*Q I - X2 * +1W3
Y2 a -X 120M1 - X1220 + 144
Y3 a M5 + X11143+ Xi2'"A
Y4 - M12 + X21143 + X22*114
P(l,JI) a UI*V1
P(l,J2) - 1J2*Y1 + U3*Y2
P(l,J3) -V1OY3
P(t,J4) a U2*Y3 + V3*Y4

46 CG1TIME

C CFLL Ep..01I W4I TH AI, II TO GET A I R2, U TO GET R12

Ca.L EQU I CT, P,M, J 1,R2, V,U11 I*V2, MT, W )
CaLL EQUD I (T, P,M, J3, A1,W, WII'"=2, HT, MP )

50 FETUR1



SWAROUTIMf SWFP(T,P.N,J,NI,N42,KT,I9)
REAL T(NTN),P(IP,N)
INTEGER IfNT)"tlImN

C 0 IEM T I N SCHUR FORM SM~ ~r ADJACENT DIAGONALI BLOCKS Ti
C AND T2 IN MATRIX T BEGINNIING INI AOI JI By ORTHOGONAL SIMIILARITY
C TRR5FOFURMI OilS THAT PRSERVES THE SCHUR FORM OF T. THE
C DIMENSION OF BLOC~KT1IS l BYN1lAMT2 IS M2BYNM2.flE
C PARAETERS IN THE CALL INO SEQUENCE ARE (STE PfIWV!T1 ARE
C ALI~ BY THE 9EUBIWIE)
C *1 TIE MARIX WHOSE BLOCKS ARE BEING SUAIPPED.
C o flTE ARA INTO WHI1CH THE TRFV1SFORURTIOI1S
C ARE TO BE ACCUMLATED.
C N THE O~ROF THE MATRIX T.
C i THE POSITIONI OF THE BLOCKS.
C NI SIZE OF THE FIRST BLOCK.
C M2 SIZE OF TESECOM LOCK.
C MT THE FIRST DIMENSION OF THE ARAM T.
C ID THE FIRST DIMENSION OF THE ARRA P.
C
C METHOD:
C ALGORITHMI 2 OF "PROGRAMS TO S1AW DIAGONAL- BLOCKS' WJITH
C SPEC IAL FORMULA FOR THE 01 RGOMI- BLOCKS
C
C SUBPRGRAMS:
C TXJIXT, EQUD)I
C
C I NTERFtL VAR I ILES:
C

REAL. X(2,2),U(4),UU(4)D,G,XI,X22,X2,X21,HRLFY1,Y2,Y3

WEAL U(2,2)U11I,U12,U21,U2,TEMP,TII,122,T33
REAL AI(2,2),At2(2,2)

INTEGER K
HALF - 0.5

C
C SOLUE X FOR 11 -XI (TI T121 11 X1 a (TI 0 1 BY CALLING TXIIXT
C 10 11 10 T21O 10 () 0 T21
C

CALL TXIUT(T,N,Jl,N1,N2,X, IZ,NT)
C
C IF IZ=O, RI RMI A2 ARE TOO CLOSE TO S2.II

IF(IZ.EQ.O) GOTO 50
K=Mi1+141+12-2
J2 - JI+I
J3 = JI+NI
J4 z 43+1
IF(MI.EQ.2) THENI

R1(1, I)-T(J1,J2)
Ri(2,1I)-T(J2,Ji)
A 1(2,2 -T(J2, 42)

EMCI F



IF(M2.EQ.2) THEN
A2(1, 1)-T(J3,J3)
R2(1,2)-T(J3,JA)
A2(2, 1)-T(J4,J3)
A2(22)-T(J4,J4)

BCM IF
IERTO (10,20,30,40) , K

C
C 1,1 Ha1-4JJ/D, H I Xli I u I S 1, SmSIGI(XII*SQAT(I4XI1*i.2)
CI I I 1 0 1

10 Sxt SIOf(RT(1.OX*X1D),X1D)
TiI a T(JI,JI)
T22 a T(J2jJ2)
UM1 a S - Xli
IF((X1I/S).GT.IA..F) UM1 r- 1.0/(S+XlI)
U(2) a I
0 a UMl)S
CALLJ WOJSE(T,P,I,J1,U,2,0,nT,MP)

C SWW 01 RlGYUR EL.EMEHTS

T(J1,JI) a T22
T(J2,J2) z Til
GOTO 50

C 1,2 1 1 Xii X12 I H a 1 0 0 S 1, S-SIGl4(X12)*SQRT(l.Xii**2.Xi2**2)

20 y a 1.04Xli*Xl
S m SIOt(SQT(Y+Xl2*Xl2),-Xl2)

U(2) a Xii
U(3) a X12 + S
IF((-X12/S).GT.HRIF) UM3 - V/(S -X12)

0 - U(3)*S
Vii a XII
VJ22 z -X I I/A(3)
V21 - 1.0
V12 a -X12-1.0/l(3)
TlI z T(JlJi)

C T(J3,J3) - T11; CALL. EQWOI WITH A2(2,2), V(2,2) TO GET R2'

T(J3,J3) = Til

GOTO 50

C 2,1 H (-Xili - I S1, S m SIGt1(Xll)"SQRT(l+Xl1*Xl1+X21*X21)
C (-X211 = 1 01
CIIa 1 1= 01
C
30 T33 zT(J3,J3)

Y * i.04X2i*X21
S SIOf(SRT(Y.Xfl*X11),XlI)
UMI a S - xl
IF((XI1/S).OT.HftF) UM1 = Y/(S+Xli)



U(2) a -)(21
UM3 a 1
o aU( I)*S
W22 *X21AU(1)
Nil *X21
M 12 -- XII+1.0/UJM
4.21 *-1.0
CALL HMUSCT,P,,I,1U,3,,MT,W)

C
C T(J1,J1) a T33; Cmi. EQUO1 IiTH R1(2,2), W.(22) TO GET RI,
C

T(JI,JI) w T33
CALL EQLJDI(T,P,M,J2,R1,U,S,I1T,MF)
OTO 50

C
C 2,2 HlI -Xili a I S1, S a SIOH(XlI)*SQRT(I+XII*X1i.X2i*X2i)

CII 1 1= 01
C1 (01 a(101
c
40 Y, a I.O+X21*X21

SX w SIG1(SRT(Y+XI1*Xi1),X1i)
UM a SX - X11
IF((X1I/SX).GT.I&LF) LIM) z V/(SX+XII)
U(2) a -X21
UM3 = I
o a U(I)*SX
CALL HOWSE(T,P,M,JI,U,3,0,MT,1P)
TEMP a(T(J4,JI)*U( I +T(J4,j2)*U(2>eT(J4,j3)*J(3))/D
T(J4,JI) a T(J4,Ji) - TEMP*UMI
T(J4,J2) a T(J4,J2) - TEIIPU(2
T(J4,J3) st T(J4,J3) - TEIP*U(3)
YI - -(X11*Xl24XC21*X22)/SX
Y3 a (X12*U(1-X21*X22)/D
Y2 a -X22-X21*Y3

C
C H2 (IU a t~ll , WME V - HI*(-X121, S = SIGl(Y2)*SQRT(1,V2**2+Y3**2)
C IY2 - IS) I-X22)
C IY3I a(1 (010
C IY4it(I I I 

Y w l.0.V3VY3
SY = SIGl(SRT(Y2*V2+Y,-Y2)
UU(2 - SY+Y2
IF (ABS(Y2/SV). OT. HALF) LIJJ(2)-Y/(SY-Y2)
WM(3 - Y3
IJJ(4 a I
0 a WR(2)SY
CAL.L HQUE(TP,N,J2,LJ(2),3,,MT,I'F
TEMP a (LJ(2)*T(J2,Ji)+tJJ(3)*T(J3,JI >4W(4)T(J4,Jl )/O
T(J2,JI) - T(J2,Jl) - TEMP*UU(2)
T(J3,J1) a T(J3,J1) - lTEMP*UUJ(3)
T(,J4,JI) a T(J4,jf) - TEMP*JJ(4)
1.111 a X22 - l.OA/UU(2)
W122 - X11 - (SY-X22)/UIDIJJ2))
U12 a -Xl24X21/(U(0)"U(2))
U21 = -X21+Y3/iJJ(2)

aI S



1J12 a Yll
U21 a 0. 0
y a SX*SV

C CALL EIMI MITH AI(2,2), U(22) TO GET RI>, A2PU TO GET k2'

CALL EQUI(T,P,M,J3,I,U,Y,KT,1P)
50 FIETLIM

SUBROUTINE HOUSE(T,P,,J1,U,K,MT,IIP>
AEAL T(KT,),P(9,M),U(K),D
ImlGE K, J11, NT, W

C Thi I SSLEUT I HE PEIOtnS HOUSEHOLDER TRAMFORMAT I Oil Oil T AN ACCUMLATE
C THE TPASFWRTION IN P
C T a (t-4J./D)T(I-4JJ/D)
c P a P( I -&Ao ), WHIERE U* STANDS FOR THE TFMSPOSE OF U.
C TIE TPANSFORMTION BEGINS RT T(JIJI). THE ILENGTH OF U IS K.

C II1TAHAL VAR I FLES:

REAL S, ZRO
INMTEGER I ,J

C RO4 W IFICATIO1

IF(D.EQ.ZERO) OOYTO 100I
DO 30 JIJ, N

S-0.0
DO 10 Iul1,K

10 S-SU(I)T(J1.I-1,J)
SMS/D
DO 20 1-J1,J+K-1

20 T(I,J)-T(I,J)-S*(I-Ji.1)
30 CoNT I ME

C COL"t MlODIFICATION

DO 80 Iu1,J1I(K-1
3=0.0
DO 40 J-1,K

40 SuSU(J)*T(I,J1+J-1)
s=s/O
00 50 J1,J1.K-1

80 CO0NTIMJE
C
C RCCUMI.LT ION
C

DO 90 1-1,11
3=0 .0
DO 70 J-1,K

70 S-S.U(J)*P(I,J+J-1)



D0 90 J1,J1+K-1

100 FETfRM



SAOUTI HE EQLI I(TPN, J ,A, ,ETW. HT,HP)
REAL TQ4TN),P(OP,1c,R(2,2,u(2,2,OETU
ItITEGE Jl,ftTIF

C
C THIS 9UROJIHE PWOMNS R UN4ITARY~ TRASFORMTION (A FLECTI0H)
C TO NFIE THE D IRFORM EIM1EJII Ni Wqft- I EQUANL AND PUT THE F I NFL
C FESI.LT IN T.
C I-COSMQ SIN(Q I I TIl T12 I 1-COS(Q) SIN(Q I I TIV' T12' I
C I S11(Q) CIS(Q) I I T21 T22 I I SIII(Q COS(Q 1 I T21' TIV I
C THE TRA1SFORMATION IS AWDILULATED IN (POSTlILTIPLED TO) P. THE
C I M"UT A MUST HAVtE EQLNL D IGROL ELEWN1T . HERE CETU I S THE
C DETERMINANT OF W.
C
C F7 EEIC FUNRCTION$S: RTFII, COS, SIll
C
C I NTERNL VARI ALES
C

I HTEGER I ,JJ2
RL Q,U,S,C,Z,U1,V2,TEIP,ZERO,OIE,i*ILF

FIEAL AR1I,RA12,A2 1,A22,U11, 12, W2 1, U22
All - R<l,1)
R12 = R(1,2)
R21 a A(2,t)
A22 - R(2,2)
1411 a 14(1,1)
1412 a U(1,2)
W121 a 1(2,1)
WM2 a1W(2,2)
01E - 1. 0

HAFa .

ZERO = 0.0
J2'J1+l

C
C DETERM114E THE AN4GLE Q
C

Z = A21*1412'%12 - 12*UI1*U21
U - R12*(1411442)(WII-W41) + A21*(WJ22-U12)(22+W412)
IF(U+Z.EQ.Z) THEN1

Q = RTFN( 1. 0)
ELSE

Q = HALF*ATFII((Z4Z)/tJ)
EDIF
S z 5111(Q
C - CtJ5(o)

C
C ME14 0 1ROOMIL BLOCK
C

Z - C/S
Ul a ( Rt21U22*W22-12*Z-A12*21*(J2-J1 *Z))/E)ETW
Z = S/C
V2l a (-fA21*.22(22+412*Z)4fl12*42*(42 1+1411Z ))/DETh
Z a R12*R21
IF(ABSQI1.GT.ABS(V2)) THEN

V2 z Z/Vl
ELSE

UI - Z/V2



EV IF
C
C RON MODIFICATION
C

00 10 JJ2+1lm
TEMP a -C*T(J1 J)+S*T(J2,J)
T(J2,J)n S*T(JIJ)*M(J2,J)

10 COtfTIML.E
C
C COL"t MODIFICATION

00 20 .141J-1
TEMP a T(I,J1)*(-C).T1l,J2*S

T(I,Ji)- TEMP
20 COIT IIIME

T(J15J1) a All
T(JI,J2) - Ul
T(J2,J1) a V2
T(J2,J2) z All

C
C A~CCLtLIT I ON
C

D0 30 1-1,11
ITEMP P(I,J)*(-C)s.P(I,J2)*S
P(I,J2m P(I,JI)*S.P(I,J2*C
P(I,J1)-- TEMP

30 CONTI HE
40 RTURN



SLUMTI14 TXXT (T, J1, N1,tH2, X, I ZHT)
REAL T(N,N),X(2,2)
IW"TEGER MNTJI1,11N2, 1Z

C THIS SWAUT IME SOLIES FOR N I BY M12 MATR IX X IiI T I*X - X*T2 = T 12.
C T I AN T2 BEG IN INh R(l J I AM J2 RESPECT I ELY, T 12 I S TIE IPPER
C TR I RSJ.M PART BETIEE T I A T2. Thi IROW S U1S THE
C DIAGONALS OF TI MT) AE EWAJL. THE PFIA~ETERS I" THE CALLING
C SEOLEIICE FIF (STARRED PFM FIFE ALTRD BY THE SJBSIOUT I E)
C *T I WUT MRTRI X
C N THE REOF THE MATRIX T
C C i THE POSITION OF THE BLOCKS.
C "I SIZE OF THE FIRST BLOCK.
C M2 SIZEOF THE ECJ9LCK.
C *x OUTPUT "lTIX
C *IZ OUTPUT IMOICRTOR: 1-X SO~LED SUCCSSF1.LLY,
C 0-OEIFLOW MAY OCCtR.
C NfT THE F I RST 0D1 ENS I OI OF THE MW T.
C
C I NTEFIIAL M I FILES:
C

REAL DJDEL,BETI,BT2,011I,GW1,T1,T2,TF.J,ETR,PHI,DSQ
REAL P1,P2,P3,P4,P5,PO,P7,P8,Pg
INKTEGER I ,J, K
ZERO-0.0
Iz a I

C
C INITIALIZE
C

00 1 1=1,2
00 1 J-1,2

J2 a JI+t11
DEL=uT(JIJ1 )-T(J2,J2)
BIlwT(JIJ2)
IF(M1.EQ.2) THEN

BETI m T(J1,JIPI)
OFWI a T(J1Pl,J1)
821 = T(JIP1,J2)

EN3 IF
IF(N2.EQ.2) THEN4

J2P1 a J2+1
BET2 a T(J2,J2Pl)
G12 = T(J2Pi,J2)
912 - T(JI,J2P1)

E113IF
K-tlI~tI+2-2
GOTO (10,20,30,40) , K

C
C I8BY 1: APH *X -X*~ a8 11
C
10 IF(DEL.EQ.ZERO) THEN

IZ a 0
ELSE

X(I,I) - BII/DEL



END IF
GOTO 50

C 1 8BY 2: FFNIOlX11 X121 - IXli Xi2l0119H2 BET21 *11811 8121
C (0ft12 RPH21

20 0 a OEL*DE - BETIW1
IF(D.EQ.ZERO) THEM

1z a 0
ELSE

X(i,1' a (DEL *811 + GfI*12)/D
X(1,2) a (BET2*811 +DEL 0612)/D)

END IF
WTO 50

C 2 BY' 1: IFPH1 9ETII*(XllI - EXliI*APH2 (Bill
C (Offli FIHI) IX211 IX211 19211

30 0 D EL*VEL - BET1*GFil

IZ = 0
ELSE

X0,11) a ( DEL 0811 - BETI*B21)/D
X(2,i) a(-GWl*B1 + DEL e821)/D

END IF
GOTO 50

C
C 2 BY 1: IRPHI BETiIJOXii X12] - lXII Xi2)*1WH2 BET2I 11(811 8121
C [Ofti RPHil EX21 X221 (X21 X221 IMt1 RPH21 1921 9221
C
40 DOa DEL*OEL

Ti a BET1*GftIl
T2 - 8ET20ARM2
TF.J a DSQ + (T2 - TI)
O a TRL"TFJ - 4*OSQ*T2
IF(D.EQ.ZERO) THEN

IZ *0
ELSE

ETh D SO - (T1+T2)
PHI D SO + (T1-T2)
T2 *-(DELiOEL)

TI =T2*BET1

T2 =T2*OGllI

PI ETfR"DEL
P2 PH*G

P3 -- TALOBETI
P4 =TI*V2

P5 z PNH1BT2
P6- T1*BET2

P7 = -TRM*GftI
PS z T2*0A112
P9 a T20BET2
X(,i) - (P1*B1l+P2*8124'P3M821+P4*22)/D
X(1i2) - (P5*Bll.P1*Bl2+P6*2l+P3b922)/D
X(2, 1) a (P7*911+PB" 124P1*B21+P2*822)/3
X(22) = (P9*BIP7*B2+P5Ml21Pl*B22)D

cc



cc
CC COMPUTE RESIr*

cc Rl a 811 - (DEL*X(1,1)-Oft12*X(1,2)48ETI*X(2,1))
Rt2 - 812 - (-.BET2*X(1,1>.OEL*X(1,2)e9ET1*X(2,2))
F13 a 921 - (GAM IX( 1, 1 >OELX(2, I -OGW12*X(2,2))
R4 a 822 - (Grv1*Xd1,2)-BET2SX(2,1)+OEL*X(2,2))

cc
cc
Mc PERFOFI OME I TERAT I ONI IF R* I S NOT MSLLJ COQPWID TO 9*
cc

Ti a FISB II ftMBB12 )fSB13 RS(B 14)
T2 a 0.0525*(FeS(Rl>4FB$(R2)4fW(R3>4f6S(R4))
IF(Tl+T2.IE.Tl) THEN1

X(l,1) a X(l,1) + (P1*R+P2R+P3*M4P4*R4)/D
X(1,2) a X(1,2) + (P5*R1.PI*Rt2+Pb*Ft3.P3*R4)/D
X(2,1) - X(2,1)+ (P?*R14fl8R2P*FOW2'R4)/D
X(2,2) = X(2,2) + (PgIRI+P7R2+P5*R3+PI*F14)/D

EN IF

50 ITR
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